Motivated by the complex rheological behaviors observed in small/micro scale blood vessels, such as the Fahraeus effect, plasma-skimming, shear-thinning, etc., we develop a non-linear suspension model for blood. The viscosity is assumed to depend on the volume fraction (hematocrit) and the shear rate. The migration of the red blood cells (RBCs) is studied using a concentration flux equation. A parametric study with two representative problems, namely simple shear flow and a pressure driven flow demonstrate the ability of this reduced-order model to reproduce several key features of the two-fluid model (mixture theory approach), with much lower computational cost.
Introduction
Blood is a dense suspension composed of red blood cells (RBCs), white blood cells (WBCs), platelets in plasma. The hematocrit (Hct) or the RBC volume fraction is about 40-50% for male and 35-45% for female [1] . Blood is responsible for transporting oxygen, removing metabolites and defending the body against infection, etc. The properties and the behavior of blood are intimately related to the safety and efficiency of most blood-wetted medical devices and are also related to many diseases, such as atherosclerosis, cardiovascular and cerebrovascular diseases. This has been the driving force for us to develop mathematical and computational models for improving our capability to quantitatively analyse and predict the response of blood in vivo and in vitro. Comparing with the costly experimental trial-and-error method, numerical simulations have been used for their high efficiency and low costs in the design of medical devices, especially at the initial phase of a project [2, 3] .
In large vessels, blood is usually treated as a Navier-Stokes (Newtonian) fluid [4] ; while in vessels with the diameter ranging from 20 to 500 microns or when the shear rate is below 100 s −1 , blood demonstrates some non-Newtonian features, such as stress relaxation, shearthinning, and plasma skimming [5] . Due to the high volume fraction (hematocrit, about 40%) of the RBCs, the mechanical properties of the whole blood are greatly influenced by the behavior of the RBCs. At low shear rates, due to fibrinogen and large globulins, the RBCs tend to aggregate and form rod-shaped stacks called rouleaux [1, 6, 7] , which increases the blood viscosity; while as the shear rate increases, the aggregation of the RBCs reverses, which leads to a decrease in the viscosity [1] . As the shear rate increases further, the RBCs deform and become elongated, aligned with the flow, further contributing to the shear thinning behavior of blood [8] . In certain conditions the viscosity can also be influenced by the diameter of the blood vessel. [9] [10] [11] . Similar to many solid-fluid suspensions, the variation of the hematocrit greatly changes the blood viscosity. It has been observed that as the hematocrit increases, the viscosity increases dramatically [12, 13] ; and as the hematocrit decreases the shear-thinning property of blood becomes weaker and eventually disappears [14] .
Several decades of investigations on blood flow have revealed that in micro-scale vessels/channels, the blood shows outstanding multi-component features. For example, for the capillary vessels with diameters ranging from 50 to 1500 micros, especially when blood flows into a narrow and long tube from a larger tube the hematocrit in the narrow tube is reduced.
This phenomenon is known as the Fahraeus effect [15, 16] . Kang and Eringen (1976) [17] mention that a similar phenomenon was observed in slurry flows as early as 1958 and is known as the sigma-phenomenon. Another unique feature of blood flow is the rarefaction of the red cells near the walls of smaller branch vessels (known as the Fahraeus-Lindqvist effect, or plasma-skimming effect. Similarly, Segre and Silberberg (1962 a, b) [18, 19] observed that starting with a uniform initial distribution of neutrally buoyant particles in a viscous fluid, the particles aggregate at about 0.6 radius from the pipe center [known as the Segre-Silberberg effect].
Motivated by observations of plasma skimming and near-wall platelet enrichment, numerous meso-scale simulations based on different computational methods have been developed. These include Lattice Boltzmann Method -Immersed Boundary Method (LBM-IBM) [20, 21] , Dissipative Particle Dynamics (DPD) [22, 23] , Moving Particle Semi-implicit method (MPS) [24] , and others. Although the multi-phase aspect of blood has been replicated by numerous meso-scale simulations, their high computational cost limit their use for many realistic engineering scale problems [25] . As alternative methods, multi-component models based on continuum mechanics, ignoring the detail of single cells, can overcome the limitations of high computational cost but still provide useful information, such as the volume fraction (hematocrit) and the velocity fields of RBCs and plasma [2] and the non-uniform distribution of platelet [26] .
Flow of a RBCs-plasma (solid-fluid) suspension can be mathematically modeled using different approaches: (1) mixture theory [27] , or the averaging method [28] , where the two components are treated as two fluid (continua) and are coupled through interaction forces, such as drag force, shear lift force, etc. [2, 29] ; (2) single phase non-homogenous models where the movement of the RBCs is represented by various concentration fluxes and the transport properties of the suspension are functions of local physical fields. Mixture theory was first presented within the framework of continuum mechanics by Truesdell (1957) [30] , and in recent decades it has been widely applied to various applications, reacting immiscible mixtures, growth and remodeling of soft tissues, as well as blood flow [2, 31] . The single phase nonhomogenous model has been shown to be useful in certain problems including the solid-fluid suspensions [32, 33] .
One of the most important applications that requires an accurate model of the concentration field of RBCs is thrombosis in blood-wetted medical devices. Virtually any device that comes in contact with blood will experience deposition of blood platelets. The rate of deposition is, in part, governed by the RBCs, which when concentrated will "crowd out" the platelet. If, for example, RBCs concentrate near the centerline of a tube, the platelets will be impelled towards the wall of the tube. This phenomenon is well characterized in capillary tubes and has been well known since the time of Fahraeus, as mentioned above [16] . However, in more complicated geometries, the distribution of RBCs is not straightforward and therefore prompts investigators and developers to rely on numerical simulation. But as a practical matter, it is computationally expensive to perform micro-scale simulations in macro-scale problems. In all but the simplest problems, even mixture theory or averaging methods can be prohibitive. Therefore, if a reduced-order, single phase model for the RBC concentration field is found to be reliable, it could greatly facilitate the numerical simulation of platelet deposition, for example using an auxiliary convection-diffusion approach as suggested by Hund et al. (2009) [34] .
In this paper, we develop a suspension model for (whole) blood. In Section 2, we introduce the basic governing equations, and in the following section, we discuss the constitutive relations for the stress tensor and the RBCs transport fluxes. In Sections 4 and 5, we describe and discuss the geometry and the kinematics of problems followed by the numerical results.
Governing Equations
Let denote the position of a material point in the fluid. The motion can be represented by
The kinematical quantities associated with the motion are
where is the velocity field, is the symmetric part of velocity gradient, and denotes differentiation with respect to time holding fixed and superscript ' ' designates the transpose of a tensor. In the absence of any thermo-chemical and electro-magnetic effects, the governing equations for the flow of a non-linear fluid are the conservation equations for mass, linear momentum, and angular momentum. In addition, we also introduce an equation for conservation of the RBCs. Since we are interested in a purely mechanical system, the energy equation and the entropy inequality are not considered.
Conservation of mass
The conservation of mass is: 
Conservation of linear momentum
Let represent the Cauchy stress tensor. Then the balance of the linear momentum is:
where = + ( ) and stands for the body force. The conservation of angular momentum implies that in absence of couple stresses the Cauchy stress tensor is symmetric, that is = .
Conservation of RBCs (particles) concentration (Convection-diffusion) 1
The equation for the conservation of the RBCs concentration is [32] , 1 In their study of a pulsatile flow of a non-linear chemically-reacting fluid, Bridges and Rajagopal (2006) [61] assumed that the viscosity of the fluid, not only depends on the concentration of the species (or constituent whose behavior is governed by a convection-reaction-diffusion equation), but also on the velocity gradient, in a properly frame-invariant form. They [61] used the following equation:
where is the concentration and is a constitutive parameter. We can see the similarity between the above two approaches. They assumed = − where is a flux vector, related to the chemical reactions occurring in the fluid and is assumed to be given by a constitutive relation similar to the Fick's assumption, namely = − 1 ∇ where 1 is a material parameter which in general is not constant. Bridges and Rajagopal (2006) [61] assumed that 1 is a scalar-valued function of (the first Rivlin-Ericksen tensor) 1
where was assumed constant and ‖•‖ denotes the trace-norm. This approach, even though used for a single continuum complex fluid, is really based on a constrained mixture theory approach [see Humphrey and Rajagopal (2002) [62] ] indicating that, at each point in the mixture, the host fluid coexists with the constituent, flowing in such a way that the two components are constrained to move together. In such an approach, one does not need to study the complicated system of equations for the multi-component mixtures. composed of fluxes related to the Brownian motion, and the variation of the interaction frequency and the viscosity [32, 36] . For a detailed discussion of the convection-diffusion equation see Rajagopal, et al., (2010) [37] . In the next section, we discuss the constitutive equations used in our study.
Constitutive Equations
Most complex fluids are mixtures composed of different components (phases [43] ] whereby additional balance equations are required. Alternatively, blood can be viewed as a suspension and modeled using the techniques of non-Newtonian fluid mechanics.
The latter approach is adopted in this study. A general approach to formulate constitutive relations has recently been provided by Rajagopal and Saccomandi (2016) [44] .
Stress tensor
Although blood plasma behaves as a Newtonian fluid, the RBCs (which comprise approximately 45% of the volume of normal human blood) introduces shear-thinning behavior.
Therefore, whole blood must be modeled as a non-Newtonian fluid [see Anand and Rajagopal (2004) [45] ]. Most of the previous rheological models of blood introduce non-Newtonian behavior through: (i) shear-thinning (e.g., using power law or Oldroyd-type models), and/or (ii) yield stress (e.g., using a Casson model or Herschel-Bulkley-type models According to many experimental observations, blood shear viscosity depends on the shear rate and the volume fraction [14, 46, 49] . Therefore, we assume blood can be modeled as,
where is the viscosity of the (whole) blood depending on the volume fraction and the shear rate (̇= √2 ( 2 )), is the identity tensor, is the pressure. Note that we have ignored the viscoelastic properties or the yield-stress of blood. We also assume that the viscosity is given by a Carreau-type model, where the viscosity is assumed to vary with the shear rate. When the shear rate is close to zero, the viscosity approaches a lower limit, 0 ; when the shear rate is close to infinity, the viscosity approaches an upper limit, ∞ . Thus, is given by [as suggested
by Yeleswarapu (1994) [50] ].
where 0 ( ) and ∞ ( ) are the viscosities when the shear rate approaches zero and infinity, respectively, and is the shear-thinning parameter. The values or correlations of 0 ( ) , ∞ ( ) and are determined by experiments measurement. We further assume a volumefraction dependency of , such that,
According to Massoudi (2008) [31] and Batchelor and Green (1972) [51], we assume 0 = 1, 1 = 2.5 and 2 = 7.6.
Fluxes due to the motion of the RBCs
The motion of RBCs can influence the distribution of platelets due to the non-homogeneity of their concentration field. Regions in which RBCs are most concentrated may "crowd out" the platelets. To model the fluxes due to the motion of RBCs, we will use the concept of a convection-diffusion equation.
For the particle flux, we use the approach of Phillips et al, [29] , who suggested that the particles flux , in general, can be due to the Brownian motion, turbulent diffusivity, particles interactions, gravity, etc. [32, 33, 36] . We ignore the Brownian motion due to the (large) size of RBCs and we also assume that the flow is laminar; thus is given by:
where , and are the contributions to the flux due to particles collision, spatial variations in the viscosity and gravity, respectively. Based on the ideas developed in Phillips et al, [32] , we assume and are given by:
̇= (2 ) 1/2
where a is the characteristic reference length (e.g. radius), and and are empiricallydetermined coefficients. Based on the work of Acrivos et al. [52] , we model as,
The above equation has been used in several applications, such as the falling flow of a thin film [53] . Other potential models for , are given in [54, 55] .
Geometry and the kinematics of the flows
In this paper, we study two simple flows: (1) a simple shear flow and (2) a pressure driven flow.
The geometry and the kinematics of the two boundary value problems are shown in Figure 1 .
These are the basis for a parametric study of the dimensionless numbers in the model, above [56] [57] [58] [59] . 
U
The vectorial (expanded) form of the conservation of linear momentum is:
The RBCs concentration equation is:
The above governing equations can be non-dimensionalized as: ) (18) in which the following non-dimensional parameters are defined by: 
where is a reference length, for example, the distance between the two plates, and 0 is a reference velocity. (The asterisks in equation (15) have been omitted for simplicity.) Among the above dimensionless numbers, is the Froude number, ̅ is a parameter related to the shear-thinning effects, 31 and 32 are related to the viscous effects (similar to the Reynolds number), and are related to gravity, and c , and are related to the RBCs flux.
We assume that the flow is steady and fully developed:
where is the unit vector in the direction. Using Equation (20), we notice that,
With equation (20), the equation for the conservation of mass is automatically satisfied. In other words, the motion is isochoric,
(. ) is zero, therefore, the concentration equation (16) 2 )
The above equation implies that the total flux should be zero everywhere in the flow.
Substituting equations (20) and (22) into equations (15) and (25), we obtain three non-linear ordinary differential equations. The momentum equation in the x-direction is: 
where ∆ = − . Notice that ∆ = 0, for simple shear flow problem as shown in Figure 1 (a). The momentum equation in the y-direction is:
The RBCs flux (concentration) equation is: 
where is the velocity and * = (0, −1,0). Equation (27) implies a pressure distribution along the y-direction is balanced by the RBCs distribution. From equations (26) and (28), it can be seen that we need two boundary conditions for and one boundary condition for .
For the case of simple shear flow [ Figure 1 (a) ], we assume the no-slip condition for the lower plate and apply a constant velocity for the moving (upper) plate:
For the pressure driven flow problem [ Figure 1 (b)], we use the no-slip condition at both boundaries for the velocity:
For the volume fraction, , an appropriate boundary condition may be given as an average volume fraction (hematocrit) defined in an integral form:
Other possible boundary conditions for could be given at = −1:
where is the value of the volume fraction at the boundary. The condition of the average volume fraction is used in this paper.
Results and Discussion
The system of the non-linear ordinary differential equations (26) and (28) subject to the boundary conditions given by equations (29) - (31) are solved using the MATLAB solver bvp4c [60] . The step size is automatically adjusted by the solver. The default relative tolerance for the maximum residue is 0.001. The boundary conditions for the average volume fraction (hematocrit) are numerically satisfied by using the shooting method.
Simple shear flow
We first perform a parametric study for the case of simple shear flow, an idealization of the kinematics of a shear viscometer. From Figure 2 (a), it can be seen that the effect of k ̅ (the shear-thinning effect of viscosity) on the velocity distribution is negligible, and all the velocity curves are almost linear; however, the non-linearity of the RBCs volume fraction becomes more pronounced as k ̅ increases: more RBCs tend to concentrate near the bottom plate. This can be explained by the increased mobility of RBCs to migrate downwards under the influence of gravity due to the decreased viscosity. Figure 2 (b) shows that as 31 increases, the velocity profile becomes more linear. This can be understood by considering the definition of the dimensionless numbers 31 and 32 in equation (19) , in which increasing of 31 causes the suspension to become more shear independent. Figure 2 (c) indicates that the effect of 32 on the velocity is not significant; however, the effect on RBCs volume fraction distribution is to becomes more uniform as 32 increases, that is, as viscosity of the blood increases. This is consistent with the effect of k ̅ . As indicated by equation (14), the RBCs flux due to gravity is negatively proportional to the blood viscosity. In Figure 3 we present the impact of the RBCs particles fluxes, , and . As shown in Figure 3 (a), as increases, that is, as the effects of gravity becomes stronger, the RBCs distributions becomes more non-uniform; therefore, the velocity profiles become more nonlinear, which can be attributed to the variation of the viscosity along the Y-direction. It is worth pointing out that when = 0, the volume fraction profiles are uniform, indicates that in the current problem the non-uniform distribution of the RBCs is mainly due to the gravity. When = 0, the volume fraction, shear rate, and viscosity distributions along the Y-direction are all uniform, and there are no fluxes according to equations (11) and (12) . Figure 3 (b) and Figure  3 (c) indicate that as increases or decreases, the RBCs distribution becomes more nonuniform. This is consistent with our previous studies (for dense suspensions and drilling fluids) [33, 36] , where it was found that ( ) is responsible for the non-uniform distribution of particles and ( ) usually causes the opposite effect as ( ). For velocity profiles, in the range of the values studied here, the effect of is negligible; while as decreases, the velocity curves show obvious non-linearity. 
Pressure driven flow
The second problem we consider is the pressure driven flow between two flat horizontal plates.
In this problem, we ignore the effect of gravity, and we also apply a symmetry boundary condition at the centerline. Figure 4 shows the shear-thinning effect of the viscosity. Overall the RBCs tend to concentrate near the center, resulting from the greater shear rates near the walls. The velocity profiles all exhibit a nearly parabolic profile. These patterns of the velocity and the volume fraction profiles are consistent with those predicted by our previous two-fluid model [2, 29] . and Figure 4 (c) indicate that as 31 and 32 increase, which increases blood viscosity, the velocity decreases, and the volume fraction becomes more uniform. Figure 5 shows the effect of ( ) and ( ) on the velocity and the volume fraction distribution. Consistent with the simple shear flow, ( ) contributes to the non-uniform distribution of the RBCs while ( ) plays the opposite role. As increases and decreases, the velocity increases slightly. The influence of bulk volume fraction (the hematocrit) is displayed in Figure 6 . Here, we see that slight variation of ̅ has a dramatic effect on both the velocity and the volume fraction profiles.
As hematocrit ̅ increases, the velocity decreases; and the volume fraction distribution is more blunt and uniform. This is a consequence of the dependency of both viscosity and RBC fluxes on volume fraction. 
Conclusions
As mentioned earlier, the multi-phase approach to study blood, due to the high computational cost has limited the use for many realistic engineering scale problems [25] . As alternative methods, multi-component models based on continuum mechanics, while ignoring the details of single cells, can overcome the limitations of high computational cost and still provide some useful information, for example, the volume fraction (hematocrit) and the velocity fields of RBCs and plasma [2] and the non-uniform distribution of platelet [26] can be obtained via the model developed in our current study.
In this paper, we introduce a non-linear suspension model for blood, where the viscosity 
